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We present a theoretical investigation for the full counting statistics of the Andreev tunnel-
ing through a quantum dot (QD) embedded between superconducting (SC) and normal leads in
the presence of a strong on-site electron-phonon interaction using nonequilibrium Green function
method. For this purpose, we generalize the dressed tunneling approximation (DTA) recently de-
veloped in dealing with inelastic tunneling in a normal QD system to the Andreev transport issue.
This method takes account of vibrational effect in evaluation of electronic tunneling self energy in
comparison with other simple approaches and meanwhile allows us to derive an explicit analytical
formula for the cumulant generating function at the subgap region. We then analyze the interplay of
polaronic and SC proximity effects on the Andreev reflection spectrum, current-voltage characteris-
tics, and current fluctuations of the hybrid system. Our main findings include: (1) no phonon side
peaks in the linear Andreev conductance; (2) a negative differential conductance stemming from
the suppressed Andreev reflection spectrum; (3) a novel inelastic resonant peak in the differential
conductance due to phonon assisted Andreev reflection; (4) enhancement or suppression of shot
noise for the symmetric or asymmetric tunnel-coupling system respectively.
PACS numbers: 74.70.-b, 74.45.+c, 71.38.-k, 72.70.+m, 74.78.Na
I. INTRODUCTION
Modern nanotechnology has facilitated the fabrication
of single-electron devices using organic molecules. Since
single molecule has much smaller mechanical parameters
than semiconductor materials, it is very easy to excite the
internal vibrational degrees of freedom (phonon modes)
when electrons are incident upon the single molecule
through a tunnel junction.1–4 This has led to experimen-
tal observations of a variety of intriguing effects in the
transport properties of the single-molecule transistors,
for instance, the phonon-assisted current steps in the
current-voltage characteristics of a variety of individual
molecule connected to metal electrodes,1–3 the Franck-
Condon (FC) blockade in the current steps and negative
differential conductance (NDC) due to nonequilibrated
phonon excitation in the device of a suspended single-wall
carbon nanotube.4 These experiments have stimulated
great interest in theoretical investigations on electronic
transport through a quantum dot (QD) connected to two
electrodes subject to a local strong electron-phonon in-
teraction (EPI).5–22
In experiments, a QD embedded in superconducting
(SC) and normal electrodes has attracted intensive stud-
ies for over decades, since this setup provides one of the
most appropriate benchmarks to investigate the interplay
between electron correlation and SC proximity-induced
on-dot pairing effects, for example, in the experimental
studies of the Kondo-enhanced Andreev transport,23–25
Andreev bound states,26 and Cooper pair splitting.27
Very recently, a carbon nanotube QD has been success-
fully connected to a Nb SC and a normal metal con-
tact and its subgap transport properties have been mea-
sured, leading to the observation of the phonon assisted
resonant Andreev tunneling.28 Actually, this interplay
between electron-phonon correlation and SC pairing ef-
fects has been theoretically studied in literature,29–33
and predicted recently to be useful in ground-state cool-
ing of a mechanical oscillator.34 Based on the nonequi-
librium Green function (NGF) method and the Lang-
Firsov transformation, two simple decoupling approaches
have been developed to examine the subgap transport in
the polaronic regime: the single-particle approximation
(SPA)29,32,33 and the polaron tunneling approximation
(PTA).31
However, the two simple schemes are not able to give
the electronic spectral density properly for the N-QD-N
system, since both of them take no account of the vibra-
tional effect on electronic self-energies due to tunneling
in their calculations of the electronic GF.22 Besides, the
two simple schemes have some other drawbacks. For in-
stance, both of them predicted appearances of phonon
side peaks in the conductance G with varying the gate
voltage εd even in the zero bias voltage limit, which is in-
consistent with the experiment results.1,5,12,21 We would
like to see in the following of this paper that those studies
for the N-QD-S system based on the two schemes inherit
this unphysical result. Moreover, the SPA is not a current
conservation approximation. While the PTA is albeit a
current conservation approximation, it only considers the
elastic scattering processes during electron tunneling.21
Fortunately, an advanced scheme over the SPA and
PTA has recently been developed to overcome these
drawbacks successfully, in which the vibrational effect
has been taken into account in the calculation of elec-
2tronic self-energies.21 This dressed tunneling approxima-
tion (DTA) is therefore believed to be able to give the
electronic spectral function of a EPI system properly,
and corrects the pathologies of SPA and PTA in the
low-energy and high-energy regimes respectively.22 This
scheme also predicts the correct transport behavior in the
linear regime, no phonon side peaks in the G-εd curve.
Moreover, the DTA fulfills the current conservation con-
dition automatically and includes the inelastic tunneling
processes naturally.21 The most great advantage of this
nonperturbative scheme is that it allows us to obtain an
explicit analytical expression for the full counting statis-
tics (FCS) of inelastic electron tunneling in the strong
EPI system.21 It is therefore very interesting to examine
the interplay of the EPI and SC correlation effects on
the FCS of electronic Andreev tunneling in the subgap
regime using the DTA. It is indeed the purpose of the
present paper.
The rest of the paper is organized as follows. In Sec. II,
we present our model of the N-QD-S system and dis-
cuss the theoretical derivation for the FCS in the subgap
transport regime in absence and presence of EPI, respec-
tively. In both cases, the explicit analytical expressions
of the FCS, current, and zero-frequency shot noise are
derived. In Sec. III, we then present and analyze our nu-
merical calculations for the electronic Andreev reflection
spectrum, linear and nonlinear Andreev conductances,
and shot noise, followed by a brief summary in Sec. IV.
II. MODEL AND THEORETICAL
FORMULATION
A. Model Hamiltonian
To investigate the vibrational assisted electron tunnel-
ing in the N-QD-S system, we consider the simplest QD
model in which a single electronic level is coupled to a lo-
calized vibrational mode, and is also coupled to a normal
metal and a SC lead. The model Hamiltonian is
H = HQD +HN +HS +HTN +HTS , (1a)
with
HQD = εd
∑
σ
[d†σdσ + gepd
†
σdσ(a
† + a)] + ω0a†a, (1b)
HN =
∑
kσ
εNkc
†
NkσcNkσ, (1c)
HS =
∑
kσ
εSkc
†
SkσcSkσ +
∑
k
(∆c†Sk↓c
†
S−k↑ +H.c.),
(1d)
HTN =
∑
kσ
(γNe
−iλ(t)/2c†Nkσdσ +H.c.), (1e)
HTS =
∑
kσ
(γSc
†
Skσdσ +H.c.). (1f)
Here, d† (d) denotes the operator of an electron with
spin σ and energy εd at the QD. a
† (a) is phonon creation
(annihilation) operator for the vibrational mode with en-
ergy quanta ω0. gep is the EPI strength. c
†
ηk (cηk) is
the creation (annihilation) operator of an electron with
spin σ, momentum k, and energy εηk in the normal lead
η = N or the SC lead η = S. The SC lead is assumed
to be described by the BCS Hamiltonian with a SC gap
∆. γη describes the tunnel-coupling matrix element be-
tween the QD and lead η. The corresponding coupling
strength is defined as Γη = 2π
∑
k |γη|2δ(ω− εηk), which
is assumed to be independent of energy in the wide band
limit. In order to calculate the FCS, an artificially mea-
suring field λ(t) is introduced with respect to the normal
lead on the Keldysh contour (In this paper, we focus our
attention on the tunneling and its fluctuation measured
in the normal lead only, and we therefore assume that
the bias voltage is applied to the normal electrode, i.e.
µN = µ + V , µS = µ, and we set µ = 0 at the equilib-
rium condition): λ(t) = λ−θ(t)θ(T − t) on the forward
path and λ(t) = λ+θ(t)θ(T −t) on the backward path (T
is the measuring time during which the counting field is
non-zero and the counting field will be set to be opposite
constants on the forward and backward Keldysh contour
as λ− = −λ+ = λ in the final derivation).35 Throughout
we will use natural units e = ~ = kB = 1.
Since we are interested in the case of strong EPI in
this paper, it is convenient to eliminate the EPI term in
the Hamiltonian Eq. (1a) by applying a nonperturbative
Lang-Firsov canonical transformation, i.e. H˜ = eSHe−S
with S = gd†d(a† − a) (g = gep/ω0).36 The transformed
Hamiltonian reads
H˜ = H˜QD +HN +HS + H˜TN + H˜TS , (2a)
H˜QD = ε˜d
∑
σ
d†σdσ + ω0a
†a, (2b)
H˜TN =
∑
kσ
(γNe
−iλ(t)/2c†NkσdσX +H.c.), (2c)
H˜TS =
∑
kσ
(γSc
†
SkσdσX +H.c.), (2d)
where ε˜d = εd− g
2
ep
ω0
is the shifted energy level of the QD
by the polaronic binding energy. To simplify notation
we still use εd to denote the shifted level in the follow-
ing of the paper. d˜σ = dσX denotes the new Fermionic
operator dressed by the polaronic shift operator X ,
X = eg(a−a
†). (2e)
B. Adiabatic Potential for FCS
The transport problem in the N-QD-S system can be
solved with the Keldysh NGF technique in the Nambu
space, in which a mixture Fermion operator, ψ˜d =
(d˜↑, d˜
†
↓)
T , has to be introduced to describe electronic dy-
namics involving SC correlation. Accordingly, we must
define the contour-ordered GF of the QD, Gd(t, t
′) =
3−i〈TCψ˜d(t)ψ˜†d(t′)〉 (TC denotes time ordering along the
Schwinder-Keldysh contour), and the GF of the decou-
pled lead η, gηk(t, t
′) = −i〈TCψηk(t)ψ†ηk(t′)〉 with ψηk =
(cηk↑, c
†
η−k↓)
T , in the Nambu representation.
The focus of the present work is the FCS of the sub-
gap Andreev transport in the hybrid tunneling junction,
which can be obtained from the cumulant generating
function (CGF) as a Keldysh partition function
χ(λ) =
〈
TCe−i
∫
C
(H˜TN (t)+H˜TS(t))dt
〉
. (3)
Following the procedure outlined in Ref. 35, the CGF
is in turn related to the adiabatic potential −iT U(λ) =
lnχ(λ), whose derivative in the counting field λ− can be
expressed as21,35
∂U(λ)
∂λ−
=
〈
∂H˜TN (t)
∂λ−
〉
= − i
2
∑
kσ
〈
γNe
−iλ−/2c†Nkσ(t)d˜σ(t)−H.c.
〉
.
(4)
Employing the counting field-dressed GFs defined above,
we can easily formulate the derivative of the adiabatic
potential in the counting field as
∂U(λ)
∂λ−
=
∑
k
γ2N
2
∫
dωTrN
[
Λe−iλ¯/2G−+d (ω, λ)g
+−
Nk (ω)
−Λ†eiλ¯/2g−+Nk (ω)G+−d (ω, λ)
]
, (5)
where
Λ =
(
e−iλ 0
0 −eiλ
)
, (6)
and TrN [· · · ] is the trace over the Nambu space.
C. Noninteracting case
First we derive the general form of the adiabatic po-
tential U(λ) for a noninteracting N-QD-S system. In this
case, what we need is the GF of the QD obtained from
a counting field λ dressed version of the Dyson equation
in the frequency space,
G−1d (ω, λ) =

ω − ǫd − Σ−+11 − Σr11 Σ−+11λ −(Σ−+12 +Σr12) Σ−+12λ
Σ+−11λ −(ω − ǫd +Σ+−11 − Σr11) Σ+−12λ −(Σ+−12 − Σr12)
−(Σ−+21 +Σr21) Σ−+21λ ω + εd − Σ−+22 − Σr22 Σ−+22λ
Σ+−21λ −(Σ+−21 − Σr21) Σ+−22λ −(ω + εd +Σ+−22 − Σr22)
 , (7)
where the electronic self-energies Σ±∓,rαβλ (α, β = 1, 2
are the Nambu indices) are stemming from the tunnel-
coupling contributions of the electronic degree of free-
dom on the QD with both the normal and SC leads,
Σ±∓,rαβλ = Σ
±∓,r
Nλ,αβ +Σ
±∓,r
S,αβ ,
ΣrNαβ = −i
1
2
ΓNδαβ , (8a)
Σ−+Nλ = iΓN
(
fN (ω)e
iλ 0
0 [1− fN(−ω)]e−iλ
)
, (8b)
Σ+−Nλ = −iΓN
(
[1− fN (ω)]e−iλ 0
0 fN (−ω)eiλ
)
,(8c)
Σ±∓N = Σ
±∓
Nλ |λ=0, (8d)
and
ΣrS = −i
1
2
ΓSβS(ω)
(
1 −∆ω
−∆ω 1
)
, (8e)
Σ∓±S = ±iΓSℜβS(ω)
(
1 −∆ω
−∆ω 1
)
fS(±ω), (8f)
with
βS(ω) =
|ω|θ(|ω| −∆)√
ω2 −∆2 − i
ωθ(∆− |ω|)√
∆2 − ω2 , (8g)
and the Fermi distribution function fη(ω) = [e
(ω−µη)/T +
1]−1 at lead η.
It should be noticed that we write the GF Eq. (7) in the
direct product space of the Keldysh and Nambu spaces.
This is the reason that the GF has a 4× 4 matrix form.
Simply calculating the derivative of the GF Eq. (7) with
respect to the counting field λ gives
4d
dλ
G−1d (ω, λ) =

0 −ΓNfN(ω)eiλ 0 0
−ΓN [1− fN (ω)]e−iλ 0 0 0
0 0 0 ΓN [1− fN(−ω)]e−iλ
0 0 ΓNfN (−ω)eiλ 0
 . (9)
Then we apply Jacobi’s formula for the derivative of the
determinant of a matrix
d
dλ
det(G−1d (λ)) = Tr
[
adj(G−1d (λ))
d
dλ
G−1d (λ)
]
, (10)
to yield
1
det(G−1d (ω, λ))
d
dλ
det(G−1d (ω, λ)) =
Tr
[
Gd(ω, λ)
d
dλ
G−1d (ω, λ)
]
, (11)
where Tr[· · · ] is the trace over the direct product space
of the Keldysh and Nambu spaces, not over the Nambu
space only as in Eq. (5). Utilizing Eq. (9) to perform the
trace calculation of right hand side of the last equation,
we can find that it is exactly equal to the integrand in the
right hand side of Eq. (5). Then after integrating with
respect to the counting field, we can obtain the general
formula for the adiabatic potential
U(λ) = i
∫
dω
2π
ln
[
det(G−1d (ω, λ))
det(G−1d (ω, 0))
]
. (12)
This is a direct generalization of the Fredholm determi-
nant of the CGF to the noninteracting system involving
SC electrode.
In order to investigate the current and noise, we now
have to calculate the determinants inside the logarithm
in Eq. (12). It is not quite an easy task. However, con-
sidering that we will focus our attention on the electron
tunneling only in the subgap region at temperature and
bias voltage well below the SC gap, T ≪ ∆ and V ≪ ∆,
in the present investigation, we can take Σ±∓S = 0 in
our following derivation. To the end, we can obtain the
general form for the adiabatic potential for the subgap
Andreev tunneling
UA(λ) = i
∫
dω
2π
ln
{
1 + TA(ω)[(e
i2λ − 1)fNf−N
+(e−i2λ − 1)(1− fN )(1− f−N )]
}
, (13)
with the shorthand notations fN = fN (ω) and f−N =
fN (−ω), and the Andreev reflection probability TA(ω) =
Γ2N |Gr12(ω)|2. It is found that the subgap FCS remains
binomial form but with a double-charge transfer. From
Eq. (13), we can distinguish the elementary processes
of electronic tunneling in the subgap region: (i) two
opposite-spin electrons having energies equally higher
and lower the chemical potential are respectively trans-
mitted from the normal lead to the QD, and eventually
enter into the SC lead to form a Cooper pair. The prob-
ability of this process is P+ = TA(ω)fNf−N . In litera-
ture, this is considered as Andreev reflection that an elec-
tron incident from the normal lead with energy ω tunnels
into the QD, and subsequently picks up an opposite-spin
electron with energy −ω to create a Cooper pair into
the SC lead and leads to a hole propagating back to the
normal lead; (ii) the reverse process with a probability
P− = TA(ω)(1−fN)(1−f−N); (iii) no transmission hap-
pens with a probability P0 = 1− P+ − P−.
From Eq. (13) we can evaluate the current and noise
for the Andreev tunneling, respectively, as
IA = −∂UA
∂λ
∣∣∣∣
λ=0
= −2
∫
dω
2π
TA(ω) (1− fN − f−N ) ,
(14)
SA = i
∂2UA
∂λ2
∣∣∣∣
λ=0
= 4
∫
dω
2π
[TA(ω) (1− fN − f−N
+2fNf−N)− T 2A(ω)
(
1− fN − f−N)2
]
. (15)
The differential Andreev conductance gA is obtained by
differentiating IA with respect V as
gA =
2e2
h
1
T
∫
dωTA(ω)[f−(1− f−) + f+(1− f+)], (16)
with f± = [e(ω±V )/T −1]−1. The noise SA can be rewrit-
ten as the sum of the equilibrium noise (thermal noise)
Sth and the nonequilibrium noise (shot noise) Ssh,
SA =
4e2
h
∫
dω{TA(ω)[f−(1− f−) + f+(1− f+)]
+TA(ω)[1 − TA(ω)](f− − f+)2}. (17)
It can therefore be realized that the generalized nonequi-
librium Nyquist-Johnson (NNJ) relation becomes
gA =
1
2T
(SA − Ssh), (18)
for the two-particle correlation tunneling in the subgap
region (double-charge transfer is relevant), in compari-
son with the NNJ relation for the usual single-particle
tunneling in the normal system, g = 14T (S − Ssh).
D. Electron-phonon interaction system
Now we generalize our above discussion for the FCS
of the Andreev tunneling to the strong EPI case. For
5this purpose, we still need to evaluate the counting
field λ dressed Dyson equation for the GF of the QD.
In the limit of a weak tunnel-couplings, Γη ≪ ω0,
the GF Gd(t, t
′) in the Nambu representation can be
decomposed into a product of a pure electronic part
Gc(t, t
′) = −i〈TCψd(t)ψ†d(t′)〉 and a phononic part
K(t, t′) = 〈TCK(t)K†(t′)〉 (the Born-Oppenheimer adi-
abatic approximation),14,16,20–22
Gdαβ(t, t
′) ≈ Gcαβ(t, t′)Kαβ(t, t′), (19)
with ψd = (d↑, d
†
↓)
T and K = (X,X†)T .
Another approximation employed in this paper is that
the vibrational mode is assumed to be always at the equi-
librium state, which leads to36
K∓±11 (t, t
′) = K∓±22 (t, t
′) = exp{−g2 [nB(1− e∓iω0τ )
+(nB + 1)(1 − e±iω0τ )
]}, (20a)
K∓±12 (t, t
′) = K∓±21 (t, t
′) = exp{−g2 [nB(1 + e∓iω0τ )
+(nB + 1)(1 + e
±iω0τ )
]}, (20b)
with the Bose distribution nB = (e
ω0/T − 1)−1 at
the temperature T and τ = t − t′. Using the iden-
tity exp(z cos θ) =
∑∞
n=−∞ In(z) exp(inθ), these corre-
lation functions can be expanded in a power series in
exp(±iω0τ)
K∓±11 (t, t
′) = K∓±22 (t, t
′) =
∞∑
n=−∞
wne
±inω0τ , (21a)
K∓±12 (t, t
′) = K∓±21 (t, t
′) =
∞∑
n=−∞
(−1)nwne±inω0τ ,
(21b)
with
wn = e
−g2(2nB+1)enω0/2T In(2g2
√
nB(nB + 1)), (22)
where In(x) is the nth Bessel function of complex argu-
ment. Therefore, in the Fourier domain the dressed GF
Gd(ω, λ) of the QD can be expressed in terms of the pure
electronic GF Gc(ω, λ), which are all dependent on the
counting field λ, as
G∓±d11(22)(ω, λ) =
∞∑
n=−∞
wnG
∓±
c11(22)(ω ± nω0, λ), (23a)
G∓±d12(21)(ω, λ) =
∞∑
n=−∞
(−1)nwnG∓±c12(21)(ω ± nω0, λ).
(23b)
In what follows, we derive the counting field dressed
Dyson equation of the pure electronic GF of the QD,
Gc(ω, λ), based on the transformed Hamiltonian H˜
Eq. (2a). There are two ways in literature to deal
with the exponential operators X and X† in the trans-
formed tunneling Hamiltonian Eqs. (2c) and (2d).21,22
One is to simply ignore the polaronic operators and/or re-
place them with their respective expectation values, 〈X〉
and 〈X†〉, in deriving the equation of motion (EOM) of
Gc(ω). Under this approximation, the electronic self-
energy is stemming only from the tunnel-coupling be-
tween the QD and electrodes and no polaronic effect is
considered. This approximation is believed to be valid
only if the Fermi sea effect of electrodes can be neglected
in the limit of extremely weak tunnel-coupling, and is
consequently called single-particle approximation.14 The
main drawback of the SPA is that it does not obey cur-
rent conservation condition and underestimates the elec-
tronic spectral density in the case of a N-QD-N system at
low frequencies. To overcome these disadvantages, an im-
proved procedure has to be proposed to correctly describe
the polaronic effect in tunneling processes, in which the
Born-Oppenheimer decoupling approximation is invoked
once again in the EOM of Gc(ω) to disentangle the po-
laronic operator and operators of reservoirs yielding vi-
brational dressed self-energies of electronic tunneling,21
Σ∓±cαβλ(t, t
′) = Σ∓±αβλ(t, t
′)K±∓βα (t
′, t). (24)
In this end, we obtain the counting field dressed Dyson
equation for Gc(ω, λ) in frequency domain,
G−1c (ω, λ) =

ω − εd − Σ−+c11 − Σrc11 Σ−+c11λ −(Σ−+c12 +Σrc12) Σ−+c12λ
Σ+−c11λ −(ω − εd +Σ+−c11 − Σrc11) Σ+−c12λ −(Σ+−c12 − Σrc12)
−(Σ−+c21 +Σrc21) Σ−+c21λ ω + εd − Σ−+c22 − Σrc22 Σ−+c22λ
Σ+−c21λ −(Σ+−c21 − Σrc21) Σ+−c22λ −(ω + εd +Σ+−c22 − Σrc22)
 ,
(25)
with (α 6= β)
Σ∓±cααλ(ω) =
∞∑
n=−∞
wnΣ
∓±
ααλ(ω ± nω0), (26a)
Σ∓±cαβλ(ω) =
∞∑
n=−∞
(−1)nwnΣ∓±αβλ(ω ± nω0), (26b)
Σ±∓cαβ(ω) = Σ
±∓
cαβλ(ω) |λ=0 . (26c)
Moreover, the retarded self-energy in time domain can
be defined in the usual way from the lesser and greater
counterparts, Σrcαβ(τ) = θ(τ)[Σ
+−
cαβ(τ) − Σ−+cαβ(τ)], and
6thus its expression in frequency domain is
Σrcαβ(ω) = i
∫
dω′
2π
PΣ
+−
cαβ(ω
′)− Σ−+cαβ(ω′)
ω − ω′
+
1
2
[
Σ+−cαβ(ω)− Σ−+cαβ(ω)
]
. (27)
Here P means principal value integral. It is noticed that
the resultant self-energies Σrcαβ(ω) of electronic tunneling
are highly dependent on the applied bias voltage. While
in the SPA these retarded self-energies are assumed to
be equal to those in a noninteracting QD-lead system,
Eqs. (8a) and (8e), which are irrelevant to the bias volt-
age. We will find in the following that this bias voltage
dependence of self-energies has profound effect on the
tunneling current and its fluctuation in the subgap re-
gion. It is clear that this voltage dependence is stemming
from the polaronic effect, since the phononic propagator
is included in calculation of the self-energies. That is
why this approximation is named as dressed tunneling
approximation.22 Two advantages of the DTA are that
it satisfies the current conservation condition and gives
correct spectral density at both low and high frequencies
in a N-QD-N system.21,22
Another advantage of the DTA is that, when we ap-
ply this approximation to investigate the FCS of vibronic
assisted tunneling in the hybrid N-QD-S system, the gen-
eral formula for the adiabatic potential of a noninteract-
ing QD system, Eq. (12), is still applicable as long as the
GF Gd is replaced by Gc,
U(λ) = i
∫
dω
2π
ln
[
det(G−1c (ω, λ))
det(G−1c (ω, 0))
]
. (28)
Focusing on the subgap tunneling, we can write the sub-
gap adiabatic potential, after lengthy calculations, in an
explicit expression,
UA(λ) = i
∫
dω
2π
ln
{
1 +
∑
nm
wnwmTA(ω)
×[(ei2λ − 1)fN+nf−N+m + (e−i2λ − 1)
×(1− fN−n)(1− f−N−m)]} , (29)
with fN±n = fN(ω ± nω0) and f−N±n = fN (−ω± nω0),
and the vibrational dressed Andreev reflection probabil-
ity
TA(ω) = Γ
2
N |Grc12(ω)|2. (30)
This explicit analytical expression Eq. (29) provides
us a clear physical picture for an elementary phonon-
assisted Andreev reflection process: an electron incident
from the normal lead with energy ω absorbs (or emits)
n > 0 (n < 0) phonon and tunnels into the QD, then
picks up an electron with energy −ω to create a Cooper
pair, and simultaneously emits (or absorbs) m > 0 (m <
0) phonon, finally becomes a hole to come back to the
normal lead.
Moreover, this expression Eq. (29) allows us to derive
the formulae of phonon-assisted Andreev tunneling cur-
rent and its shot noise as follows:
IA = −∂UA(λ)
∂(λ)
∣∣∣∣
λ=0
= −2
∫
dω
∑
nm
wnwmTA(ω)
× [(1− fN−n)(1− f−N−m)− fN+nf−N+m] ,
(31)
SA = i
∂2UA(λ)
∂λ2
∣∣∣∣
λ=0
= 4
∫
dω
(∑
nm
wnwmTA(ω)[(1 − fN−n)(1 − f−N−m) + fN+nf−N+m)]
−
{∑
nm
wnwmTA(ω)[(1− fN−n)(1 − f−N−m)− fN+nf−N+m]
}2 . (32)
From Eq. (31) the current can be separated as two con-
tributions of elastic and inelastic parts, IA = Iel + Iin,
where the elastic current is
Iel = −2
∫
dω w20 TA(ω) (1− fN − f−N) . (33)
III. RESULTS AND DISCUSSIONS
In this section, we perform numerical investigation of
vibronic effect on Andreev reflection properties of a hy-
brid N-QD-S system at the subgap region, by calculat-
ing the tunneling current and its shot noise based on
Eqs. (31) and (32). In numerical calculations, we set
the SC gap ∆ = 1 as the energy unit and choose the
Fermi levels of the two leads as the reference of energy
µN = µS = µ = 0 at equilibrium. We also set the phonon
energy ω0 = 0.2∆, since numerical fits of the experimen-
tally measured data for the I-V curves predict the vibra-
tional frequency ranging from a few 100µeV to a few meV
and a strong EPI g ≤ 1 for suspended carbon nanotubes.
In the following calculations, we will choose a symmetric
7hybrid system in the tunneling rates, ΓS = ΓN = 0.1∆,
as an example, and also a strongly asymmetric system
with ΓS = 10ΓN as well for comparison with the results
of experimental measurements.
A. Self energy and Andreev reflection spectrum
At first, we examine the dependence of the tunneling-
induced electronic self-energy, Eq. (27), on the bias volt-
age and the temperature due to EPI under DTA. In
Fig. 1, we plot the imaginary part of the first diagonal
element of the vibrational dressed retarded self-energy,
Σrc11(ω), for the symmetric system with g = 0 (a) and
g = 1 (b-d) at different bias voltages and temperatures.
Without EPI, this quantity shows an obvious discontin-
uous at ω = ±∆ due to SC gap, and no voltage and
temperature dependence [see Eqs. (8a) and (8e)]. In the
presence of EPI, we find from Fig. 1(b) that it not only
has the SC gap at ω = ±∆, but also develops vibronic
replicas of the SC gap edges separated by integer multi-
ples of phonon frequency ω0 at the regions of |ω| > ∆
at low temperature; meanwhile at the subgap region,
|ω| < ∆, it exhibits explicit stepwise structures whose
widths are 2ω0 or ω0, and heights are controlled by the
Franck-Condon (FC) factors. These peaks and steps are
all related to the opening of the inelastic transport chan-
nels, i.e. phonon assisted normal tunneling and/or An-
dreev reflection. Applying bias voltage just moves the
steps in the subgap region towards the positive direction
of frequency. At the corresponding points of peaks and
steps, the real part of the self-energy shows peaks with
singularities due to Kramers-Kronig relations (not shown
here). Increasing temperature has two effects, smooth-
ing the stepwise structures and developing additional SC
edges within the subgap region.
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Figure 1: (Colour online) The imaginary part of the first diag-
onal element of the vibrational dressed retarded self-energy,
Σrc11(ω), are plotted for different bias-voltages, V = 0 (b),
0.1 (c), and 0.2 (d), respectively, at different temperatures,
T = 0 and 0.1. The parameters used for calculation are taken
as: ΓN = ΓS = 0.1, g = 1.0. For comparison, the correspond-
ing result for the system without EPI is plotted in (a).
Figure 2 shows the nondiagonal element of the vibra-
tional dressed retarded self-energy, Σrc12(ω), at V = 0.
Its real part is found to be nonzero at the subgap region
for the noninteracting system, which is ascribed to the
SC proximity effect. According to Eq. (8e), it is equal
to 12
ΓS∆√
∆2−ω2 , while its imaginary part is equal to 0. In
the presence of EPI, the real part at the subgap region
is suppressed due to the FC blockade.
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Figure 2: (Colour online) The real (a) and imaginary (b) parts
of the nondiagonal element of the vibrational dressed retarded
self-energy, Σrc12(ω), at V = 0 and different temperatures,
T = 0 and 0.1. The other parameters are the same as those
in Fig. 1. The thin-blue lines denote results for the system
with g = 0.
We now analyze the Andreev reflection spectrum
TA(ω), since it is an underlying quantity to describe the
nonequilibrium transport through the hybrid system in
the subgap regime. We will compare the DTA results
for TA(ω), Eq. (30), with those from other approxima-
tions. The Andreev reflction spectrum of the SPA can
be obtained by simply replacing the dressed self energies
Eq. (27) with the bare ones, Eqs. (8a) and (8e), in cal-
culating the pure electronic retarded GF Grc12(ω) in the
formula Eq. (30) of Andreev reflection probability. In ad-
dition to SPA and DTA, another approximation namely
as the polaron tunneling approximation is usually uti-
lized to investigate the phonon assisted nonequlibrium
transport through a normal-QD system perturbatively
in strong coupling regime in literature.20 The underly-
ing physical essence of PTA is based on the atomic limit,
within which the dot GF can be write down as the iso-
lated QD after Lang-Firsov transformation and then use
Dyson equation to couple the electrodes. It is neverthe-
less believed to be overestimated the electronic spectral
density at high frequencies and predicts appearances of
phonon side peaks in the conductance with varying en-
ergy level of QD in linear transport regime, which is in-
consistent with previous experiment measurements.1,4 It
is reported that the two drawbacks can be cured by the
more rigorous DTA method.21,22
Very recently, the PTA has been extended to study
phonon assisted Andreev tunneling in the hybrid N-QD-
S system, in which the bare retarded GF of the QD has
8the form31
gr11(ω) =
∞∑
n=−∞
wn(1− n0) + w−nn0
ω − (εd + nω0) + i0+ , (34a)
gr22(ω) =
∞∑
n=−∞
wn(1− n0) + w−nn0
ω + (εd + nω0) + i0+
, (34b)
where n0 represents the average occupation number on
the QD, and gr12(ω) = g
r
21(ω) = 0. The electron GF can
be evaluated by the Dyson equation, Gc = g + g(Σ
r
N +
ΣrS)Gc. Substituting the calculated Gc into Eq. (30), we
can evaluate the Andreev reflection probability TA(ω) un-
der PTA. Therefore, we show in Fig. 3 the comparison
results of the DTA for TA(ω) with those from SPA and
PTA for the symmetric systems with εd = 0, 0.1, and
−0.2, respectively, in equilibrium case and at zero tem-
perature.
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Figure 3: (Colour online) The Andreev reflection spectrum for
the symmetric N-QD-S system ΓS = ΓN with (a) εd = 0, (b)
0.1, and (c) −0.2 at zero bias voltage and zero temperature.
The calculated results correspond to the different approxima-
tions: DTA (solid-black line), PTA (dashed-blue line), and
SPA (dashed-dotted-red line).
One can find from Fig. 3 that the main feature of the
DTA results is remarkably narrowing of the Andreev res-
onance in comparison with those of SPA, both of which
show no phonon-assisted side peaks in the subgap region
|ω| < ∆; On the contrary, the PTA results exhibit obvi-
ous subgap phonon side peaks at ω = ±(εd+nω0) (n ≥ 0)
with nearly equal height.
For the electron-hole symmetric case εd = µS = 0, the
Andreev reflection reaches resonance when the energy of
incident electron is aligned with the Fermi energy of the
SC electrode, i.e. ω = 0. Moreover, this central resonant
peak exhibits remarkably rapid decrease for both DTA
and PTA results, if the incident electron moves away from
the resonant point.
In this QD system, the dot energy level can be tuned
by applying gate voltage. When the dot level εd is tuned
away from the the symmetric point µS = 0, there are
two Andreev resonant peaks locates at ω = ±|εd| for
the SPA and DTA results, as the case of noninteracting
system, but with a reduced amplitude. The situation
may however be quite different for the PTA results. For
the case of εd = ±0.2 (only the result of εd = −0.2 is
plotted in Fig. 3(c)), the zero energy resonant peak is
still remaining due to phonon assisted process, which is
responsible for the appearance of the phonon side peak
at the Andreev linear conductance by PTA as shown in
Fig. 6 below.
Once again it should be emphasized that the PTA does
not take into account vibronic dressing effect on elec-
tronic tunneling, while the more rigorous DTA indeed
does, leading to complex dependence of the tunneling
self-energies on bias voltage and temperature. That is
the reason that the two methods predict great different
Andreev reflection spectrum, which determines different
exotic transport properties of the hybrid QD system at
the subgap region, as we will see below.
Moreover, we examine the bias voltage dependence of
the Andreev reflection by DTA. As shown in Fig. 4, the
resonant peak is slightly suppressed with increasing bias
voltage, which can be ascribed to bias voltage dependent
retarded self-energy. It is this suppression that results in
a surprise decrease of the elastic tunneling current with
increase of bias voltage.
Notice that the present theoretical method, DTA, can
properly describe the dynamic properties of the EPI sys-
tem not only in the strong coupling regime but also in
the relatively weak coupling regime.22 At last of this sec-
tion, we therefore analyze the Andreev reflection spec-
trum by DTA for the strongly asymmetric system with
ΓS = 10ΓN and different EPI constants, g = 0.5, 0.75,
and 1.0. In Fig. 5, we show the DTA results for the An-
dreev reflection spectrum at these cases with εd = 0 and
0.05. The thin lines in this figure denote the correspond-
ing results for the system without EPI. It is clear that ow-
ing to the strong SC proximity effect and weak coupling
to the normal lead, two nearly resonant ingap states, i.e.
the Andreev bound states, are distinctly emerging and
cause subgap peaks in the Andreev reflection spectrum
centered at energies ±
√
ε2d + Γ
2
S/4. The EPI effect is two
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Figure 4: (Colour online) The bias voltage dependence of the
Andreev reflection spectrum in the DTA for the symmetric
systems with εd = 0 and 0.05 at zero temperature.
folds. For the electron-hole symmetric system εd = 0, in-
elastic scattering results in the resonant peaks shrinking
progressively and becoming nearly single resonant peak
with enhanced height at ω = 0 as EPI constant increases;
while for the system εd = 0.05, the resonant peaks are
also gradually shrinking but eventually pinning at ±εd
and a suppressed Andreev reflection spectrum at ω = 0.
B. Linear Andreev conductance
The DTA result for the linear Andreev conductance G
can be easily calculated from Eq. (31). At zero temper-
ature, we have
G =
dIA
dV
∣∣∣∣
V=0
=
4e2
h
w20 |TA(0)|2
=
4e2
h
{
w0ΓNℜΣrc12(0)
ε2d + [ℑΣrc11(0)]2 + [ℜΣrc12(0)]2
}2
, (35)
since ℜΣrc11(22)(0) = ℑΣrc12(0) = 0, and ℑΣrc11(22)(0) =
−iw0ΓN/2. While the PTA result for conductance can
be simply obtained from Eq. (16) as GPTA =
4e2
h |TA(0)|2
in the place of the Andreev reflection probability with
the PTA one. We plot the two results as functions of dot
level at different temperatures for the symmetric system
in Fig. 6.
For comparison, the Andreev conductance for nonin-
teracting system is also plotted in Fig. 6, which shows the
following features: (1) the maximum value G0 = 4e
2/h
for the resonant system εd = 0 at zero temperature; (2)
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Figure 5: (Colour online) The Andreev reflection spectrum in
the DTA at zero bias voltage and zero temperature for the
asymmetric N-QD-S system with ΓS = 10ΓN , and different
values of the EPI constant, g = 0, 0.5, 0.75, and 1.0. (a) is
for the QD with the level εd = 0, and (b) is for εd = 0.05.
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Figure 6: (Colour online) The linear Andreev conductance G
for the symmetric system as a function of the resonant level εd
of the QD with g = 1 at different temperatures T = 0, 0.05,
and 0.1. The thick lines correspond to the DTA results, while
the thin lines to the PTA results. Inset: the corresponding
results for the system in absence of EPI.
with increasing temperature, it is suppressed, but does
not exhibit thermal broadening as the normal conduc-
tance does. For the EPI system, we observe a simi-
lar temperature behavior for the DTA results. Besides,
the DTA predicts remarkable suppression of the Andreev
conductance, G = 0.22G0, even for the resonant system
εd = 0 at zero temperature, which is ascribed to the large
suppression of the nondiagonal element of the self-energy
at the subgap region [see Fig. 2(a)] and an extra w20 factor
in Eq. (35) due to the FC blockade.
More importantly, we find that the linear Andreev con-
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ductanceG exhibits no phonon side peaks as a function of
the gate voltage, when εd crosses the vibronic frequency.
In specific, Eq. (35) shows that G is proportional to ε−4d ,
indicating that the effect of the strong EPI is just to re-
markably narrow the width of its resonance peak as the
gate voltage is swept. This result is completely conflict
with the PTA calculations, as indicated by the thin lines
in Fig. 6. For instance, the PTA calculations predicts
two kinds of phonon assisted peaks: one is located at the
phonon frequency, |εd| = ω0 = 0.2, at zero temperature;
the other one emerges at half of the phonon frequency,
|εd| = ω0/2 = 0.1, with increasing temperatures. From
mathematic point of view, the former one is stemming
from the zero energy resonance in the Andreev reflection
spectrum. While the later one results from the phonon
assisted resonances of the Andreev reflection near ω = 0
at ω = ±ω0/2 = ±0.1, as shown in Fig. 3(b), since these
nearby peaks will make non-negligible contribution to
integrals over energy in calculating linear-response con-
ductance at sufficiently high temperature. It is noticed
that albeit two peaks are also predicted at ω = ±0.1 for
the Andreev reflection spectrum by DTA, their heights
are only two orders lower than those of PTA. They are
therefore too weak to induce phonon side peak in linear
transport.
Furthermore, we should notice that, as in the normal
QD system, these appearance of phonon side peaks in lin-
ear response conductance is just an artifact of the used
approximative method and is in fact unphysical. Since at
zero bias voltage, the incident electron has at almost the
same energy with the emitting electron, energy conser-
vation does not allow the vibration to be excited during
tunneling process. As in the normal QD system, the DTA
corrects this artifact of the PTA by more precisely taking
account of the vibrational effect on electronic tunneling
self-energy.
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Figure 7: (Colour online) The linear Andreev conductance G
for the asymmetric system ΓS = 10ΓN . Other parameters are
the same as those in Fig. 6
Finally in this subsection, we investigate the Andreev
conductance for the asymmetric system ΓS = 10ΓN . In
the same way, no phonon side peak is found for the DTA
calculations as shown in Fig. 7. At this case, the nonin-
teracting system exhibits opposite temperature behavior
to the symmetric system. The EPI effect abnormally en-
hances the central peak of the zero-temperature conduc-
tance due to the shrinking behavior at εd = 0 in Fig. 5(a).
As moving away from the electron-hole symmetric point,
the EPI effect causes more rapidly narrowing of the peak
of the conductance because of big suppression of the An-
dreev reflection spectrum at ω = 0 in Fig. 5(b).
C. Andreev Current and differential conductance
We now study the nonlinear transport at the sub-
gap region. In Figs. 8 and 9, we plot the Andreev
currents IA and corresponding differential conductances
gA = dIA/dV as functions of bias voltage V > 0 for
the symmetric systems with εd = 0 and 0.05, respec-
tively, at zero temperature. It would be very useful for
understanding the calculated results by analyzing the re-
spective contributions of the elastic and inelastic Andreev
processes. We therefore plot their corresponding elastic
and inelastic contributions, and the total results as well.
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Figure 8: (Colour online) (a) The calculated total current
(solid line), elastic current (dashed line), inelastic current
(dotted-dashed line); and (b) the corresponding differential
conductances as functions of bias voltage for a symmetric
system with εd = 0 at zero temperature. The inset shows
the PTA result (thick line) for the Andreev current and the
current for noninteracting system (thin line).
At zero temperature, the elastic current formula
Eq. (33) can be simplified as
Iel =
2e
h
w20
∫ V
−V
dωTA(ω). (36)
The elastic current rises monotonously as usual at the
beginning, and then suffers a decrease with increase of
the bias voltage. Differentiating Eq. (36) with respect to
V , the elastic differential conductance can be written as
two parts gel = dIel/dV = g
el
1 + g
el
2 , with
gel1 =
4e2
h
w20TA(V ), (37)
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and
gel2 =
2e2
h
w20
∫ V
−V
dω
∂TA(ω)
∂V
. (38)
The first term, gel1 , is proportional to the Andreev reflec-
tion TA(V ) and results in a zero-bias maximum for the
electron-hole symmetric system, and a nonzero-bias max-
imum, i.e. a resonant peak at V = εd, for the system with
εd = 0.05 due to peak splitting of the Andreev reflection
spectrum as shown in Fig. 4(b); while the second term,
gel2 , is stemming from the bias voltage dependent An-
dreev reflection and makes negative contribution, which
is responsible for decrease of the elastic current.
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Figure 9: (Colour online) The same figure as Fig. 8 but for
the system with εd = 0.05.
The inelastic current has a threshold at the onset for
inelastic Andreev reflection processes, V = ω0 = 0.2, for
the electron-hole symmetric system εd = 0, for phonon
emission which shows up as an abrupt increase of the in-
elastic current and a peak in the differential conductance
as shown in Fig. 8. This observation can be interpreted,
from mathematic point of view, by the dominant terms
of the zero-temperature inelastic current
Iin ≃ 4e
h
w0w1
(∫ V
ω0−V
+
∫ V−ω0
−V
)
dωTA(ω)
+
2e
h
w21
∫ V−ω0
ω0−V
dωTA(ω). (39)
From physical perspective, such inelastic process can be
illustrated in Fig. 10(a): an electron with energy ω0 in
the left normal lead can first emit a phonon to tunnel
into the dot, and then enter the right SC lead to form a
Cooper pair by picking up an electron originally in the
dot, and finally reflect a hole back into the left lead.
More interestingly, as we consider the system moving
away from the electron-hole symmetric case, i.e. εd 6= 0,
we find a novel inelastic transport channel which is open-
ing even at a bias voltage lower than the phonon energy.
To be specific, Fig. 9(b) exhibits a relatively sharp peak
at V = 0.15 < ω0 in the inelastic differential conductance
for the system with εd = 0.05. This peak can be ascribed
Figure 10: (Colour online) Schematic diagram of the phonon
emission assisted Andreev reflection processes involved in
Figs. 8 and 9, respectively. Solid (open) circles denote the
states of quasiparticles (quasiholes), and the arrows stand for
directions of their tunneling. See text for more detail.
to a new sort of phonon assisted Andreev reflection pro-
cess as described in Fig. 10(b): if the dot level is aligned
at a positive energy, an electron with energy ω0 − εd in
the left lead can first transverse the dot at the opposite
energy level −εd by emitting a phonon, and pick up an
electron in the dot at the level εd to form a Cooper pair.
In this spirit, this sort of phonon assisted Andreev re-
flection can emerge at the condition V = −|εd| + nω0
(n > 0). It is different from a N-QD-N system, where
phonon assisted resonant tunneling will occur when the
symmetrically applied bias voltage obeys the condition
V = 2(|εd| + nω0). Therefore, this newly predicted in-
triguing peak can be considered as a distinctive signature
of the phonon assisted Andreev tunneling process. From
Fig. 9(b), another peak in the inelastic current is found
at V = 0.25, which is stemming from the remaining effect
of the peak splitting (its vibranic replica) in the Andreev
reflection spectral function as shown in Fig. 4(b).
It is noticed that not only the inelastic Andreev current
but also its elastic component exhibits phonon assisted
features stated above since the opening of new inelastic
processes will inevitably change the retarded self-energy.
For instance, when the inelastic current channel is ac-
tive, the term gel2 becomes predominant over the first
term gel1 , leading to further decrease of the elastic cur-
rent and peaks (with negative values) of the elastic dif-
ferential conductance. For the electron-hole symmetric
system, εd = 0, this behavior causes a negative differen-
tial conductance (NDC), which was observed in a recent
experimental measurement.28 However, the PTA result
predicts completely different I-V characteristics, no ap-
pearance of NDC, for the symmetric system. For the
electron-hole asymmetric system, εd = 0.05, on the con-
trary, it is observed that the relatively strong inelastic
peaks compensate the decrease of the elastic current and
lead to nearly disappearance of NDC by DTA results.
Nevertheless, the PTA calculation still exhibits an un-
ambiguous NDC in the inset of Fig. 9(b).
The I-V characteristics of the asymmetric system Γs =
10ΓN is shown in Fig. 11 for the case of εd = 0 and
g = 0.5. The subgap differential conductance gA shows a
nonzero-bias maximum. This nonzero-bias anomaly has
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Figure 11: (Colour online) The same figure as Fig. 8 but for
the asymmetric system with ΓS = 10ΓN and a weak EPI
constant g = 0.5.
different origin from that of the symmetric system with
εd 6= 0, which is stemming from the peak splitting of the
Andreev reflection spectrum because of nonzero energy
of the localized dot state. Here, the anomaly is due to
distinct emergence of the ingap bound state, the Andreev
state, in the extremely asymmetric tunnel-coupling. This
bound state also induces peak splitting of the Andreev
reflection spectrum as demonstrated in Fig. 5(a) as long
as the EPI is not considerably strong. In addition, this
peak splitting also affects the inelastic current, leading
to a double-peak in the gA-V curve near the point V =
ω0 = 0.2 where the inelastic channel is just opening.
D. Zero-frequency shot noise
In what follows, we analyze the zero-frequency shot
noise at zero temperature, which can be calculated using
a simplified expression according to the Eq. (32)
SA = 2eIA − 4e
2
h
Γ2N
∑
nmn′m′
wnwmwn′wm′
×
∫ ω2
ω1
dωT 2A(ω), (40)
with ω1 = max(nω0 − V, n′ω0 − V ) and ω2 = min(V −
mω0, V − m′ω0). We can also separate the shot noise
as two contributions of elastic and inelastic parts, SA =
Sel + Sin, as
Sel = 2eIel − 4e
2
h
Γ2Nw
4
0
∫ V
−V
dωT 2A(ω), (41a)
Sin = 2eIin − 4e
2
h
Γ2Nw
2
0(2w0 + w1)w1
×
(∫ V
ω0−V
+
∫ V−ω0
−V
)
dωT 2A(ω)
−16e
2
h
Γ2Nw
2
0w
2
1
∫ V−ω0
ω0−V
dωT 2A(ω). (41b)
In Fig. 12(a), we plot the calculated shot noise, its
two parts (normalized by 4e2∆/h), and the total current
(normalized by 2e∆/h) as functions of bias voltage V > 0
for the symmetric system with εd = 0 and g = 0.75. It is
observed that for the QD εd = 0, the elastic and inelas-
tic noises inherit the same overall profiles as their corre-
sponding currents with increasing bias voltage. We also
show the Fano factors, defined as F = SA/e
∗IA (since
the Andreev reflection corresponds to transferring twice
the electron charge e∗ = 2e), in Fig. 12(b) for three val-
ues of the EPI parameters, g = 0.5, 0.75, and 1. We find
that the noise is greatly enhanced with increasing EPI
strength. The Fano factor nearly approaches the value 1
for the case of g = 1 at high bias voltage region, while
F ≈ 0.25 for the noninteracting N-QD-S system. We can
interpret the EPI-induced enhancement of noise as fol-
lows. The zero-temperature noise for the noninteracting
system is simplified from Eq. (15) as
SA = 2eIA − 4e
2
h
Γ2N
∫ V
−V
dωT 2A(ω). (42)
Because of the second term, the Fano factor is quite
small. With increasing EPI strength, the contribution
of the second term (and the third term) becomes more
and more weaker due to the FC factors w0 and w1 in
Eq. (41a) and (41b) (FC blockade effect), for instance,
w0 = w1 = 0.368 at g = 1. It is the FC blockade that
induces enhancement of shot noise.
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Figure 12: (Colour online) (a) The zero-temperature shot
noise (solid black line), and its elastic (dashed red line)
and inelastic (dotted-dashed blue line) parts (normalized by
4e2∆/h) as functions of bias voltage for a symmetric N-QD-S
with εd = 0 and g = 0.75. The total Andreev current is also
plotted as a solid purple line; (b) The Fano factors for the
system εd = 0 with different EPI constants g = 1.0 (black
line), 0.75 (blue line), and 0.5 (red line). For comparison, the
thin line denotes the Fano factor of the system without EPI.
For the asymmetric tunnel-coupling case considered in
the present paper, ΓN = 10ΓS, the situation is quite dif-
ferent as illustrated in Fig. 13. First of all, the noninter-
acting system has a greater Fano factor, F ≈ 0.5, than
that of the symmetric system since the second term in
Eq. (42) has a smaller contribution due to the peak split-
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Figure 13: (Colour online) This figure is the same as Fig. 12
except for the asymmetric system with ΓS = 10ΓN , and g =
0.5 in (a).
ting in the Andreev reflection spectrum with suppressed
magnitude as demonstrated in Fig. 5(a). However, the
splitting peaks will become shrinking and enhanced with
increasing EPI strength, even become probably a single
resonant peak at the case of g = 1. As a result, the
contribution of the second and third terms in Eqs. (41a)
and (41b) becomes gradually more and more important
with increasing EPI strength, in spite of the FC factor.
Consequently, strong EPI could lead to suppression of
shot noise at large bias voltage region, where the inelas-
tic channel is opening. For instance, F ≈ 0.27 at V = 0.6
for the system with g = 1 in Fig. 13(b). While if the in-
elastic channel is not opening at small bias voltage region
(V ≤ 0.2 for the present case), only the second term in
Eq. (41a) is necessary to be considered. This fact will
therefore result in an enhancement of noise for the case
of g = 1 due to FC blockade effect w0 = 0.368, but still
a suppression for the case of g = 0.75 due to a bigger
w0 = 0.57.
IV. CONCLUSION
In conclusion, we have present a theory of the FCS
of vibrational assisted electronic tunneling through a hy-
brid N-QD-S system in the subgap region on the basis
of the Lang-Firsov canonical transformation for the local
EPI and NGF method. In order to examine the inter-
play between the vibrational modified tunneling and the
SC proximity effect, we have generalized the DTA decou-
pling scheme, which has been recently developed to study
vibrational assisted stationary and transient tunneling
in the N-QD-N system, to the hybrid system. Since
this method takes more rigorous account of the phononic
propagator in evaluation of the electronic GF, it is be-
lieved to provide correct description for phonon assisted
electronic tunneling in the polaronic regime and even the
crossover regime, g2ω0 ≤ ΓN , by comparison with other
methods, for example, the SPA and the PTA. Besides,
the DTA can provide an explicit analytical formula for
the cumulant generating function for the vibrational as-
sisted Andreev tunneling, and give analytical expressions
for the current, zero-frequency shot noise, and etc.
In the first step we have discussed in detail phonon ef-
fects on the Andreev reflection spectrum for the symmet-
ric and asymmetric hybrid systems and their bias volt-
age dependence, since it is the underlying sole physical
quantity to characterize subgap transport properties of a
hybrid N-QD-S system. Different from the PTA results
for the subgap Andreev reflection spectrum, the DTA re-
sults have predicted no appearance of phonon assisted
side peaks, instead a remarkably narrowed single peak
and/or splitting peak in the subgap region.
In the second step we have investigated inelastic ef-
fects on the subgap I-V characteristics. The PTA cal-
culations predict that the linear Andreev conductance G
will show phonon assisted side peaks as the gate volt-
age is swept. Noticeably, one of the most important re-
sults in the present studies is to correct the unphysical
result and predict a single narrowed peak in the G-εd
curves. Another intriguing result is about inelastic ef-
fects on the nonlinear transport. Two kinds of phonon
assisted Andreev reflection processes are identified for the
electron-hole symmetric system εd = 0 and the asym-
metric system εd 6= 0, respectively. In particular, a novel
upward step in current is found for the latter case, show-
ing a resonant peak in its differential conductance g-V
curve, when the inelastic Andreev reflection channel is
opening at V = − | εd | +ω0. It is noticed that this
phonon assisted resonant tunneling condition, V < ω0, is
quite different from that of normal electronic tunneling
at N-QD-N system. It is therefore can be regarded as a
representative signature of the vibronic assisted Andreev
reflection. Moreover, for the former case a pronounced
decrease of the elastic part of the current is observed with
increasing bias voltage, leading to a NDC at small bias
voltage region. We have pointed out that this NDC is
stemming from the bias-voltage induced suppression of
the Andreev reflection spectrum.
In the final step we have examined the zero-frequency
shot noise at zero temperature. By analyzing the Fano
factor, we have displayed that vibronic effect could induce
either enhancement of noise in the electron-hole symmet-
ric case or suppression of noise in the electron-hole asym-
metric case at large bias voltage limit.
Some of these predictions, for instant, no appearance
of phonon assisted side peak in the linear conductance
and a NDC behavior in the nonlinear current at the sub-
gap region, are in good qualitative agreement with recent
experimental measurement on inelastic Andreev tunnel-
ing on a Carbon nanotube QD. We hope that our other
findings could be tested in the future experiments.
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